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A NEW NON-ISOTHERMAL TANK MODEL FOR LIQUID DOMINATED 
GEOTHERMAL RESERVOIRS 
SUMMARY 
Lumped parameter modeling, also known as zero-dimensional modeling is mainly 
used at the early life of the field, in other words when relatively less data are 
avaliable. In lumped parameter models, the reservoir is described as an homogenous 
tank with average properties. The pressure and temperature behaviors can be 
modeled by solving the  mass balance and energy balance equations.  
In this study a generalized non-isothermal lumped parameter model for liquid 
dominated geothermal reservoirs has been developed. Both the mass balance and 
energy balance equations are solved simultaniously for an arbitrary number of tanks 
with arbitrary number of connections. Variable reinjection and production rate 
histories can be handled to predict both pressure and temperature behavior resulting 
from production of hot water and/or reinjection of cold water.  
The heat transfer in geothermal reservoirs is mainly dominated by convection. In this 
study, the main purpose is to investigate the effects of heat transfer by conduction. 
The model has been verified with a well known numerical simulator PetraSim.  
The effects of conduction on temperature recovery is investigated for different values 
of conduction index. When conduction is not considered, a temperature recovery 
cannot be expected. 
The effects of conduction on temperature and pressure behavior is investigated when 
the reservoir has a cold water reacharge, cold water reinjection and both. The 
recharge temperature doesn not have a significant effect on the recovery time. 
The new non-isothermal tank model was also tested to have an idea about how long 
the reinjected cold water reached the producers. 
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SIVI JEOTERMAL REZERVUARLAR İÇİN YENİ İZOTERMAL 
OLMAYAN TANK MODELİ 
ÖZET 
Yeni bulunan jeotermal sahalar için elde yeterli veri bulunmaması nedeniyle sıfır 
boyutlu modelleme olarakta bilinen tank modelleri sıkça kullanılan bir yöntemdir. 
Boyutsuz rezervuar modellerinde  rezervuar homojen tank olarak tanımlanır ve 
ortalama özellikleri kullanılır. Basınç ve sıcaklık davranışları kütle ve enerji 
korunum denklemlerinin çözülmesiyle elde edilir.  
Bu çalışmada genelleştirilmiş tank modeli geliştirilmiştir. İstenilen sayıda tank 
istenildiği gibi birbirine bağlanması ile oluşan sistemde kütle ve enerji korunum 
denklemleri herbir tank için ayrı ayrı ama aynı anda çözülmüştür. Çeşitli 
üretim/tekrar basma senaryoları için üretim ve/veya tekrar basma sonucu rezervuarda 
oluşan ısı ve basınç davranışları tahmin edilebilmektedir.  
Jeotermal rezervuarlarda ısı geçişi genelde taşınım yolu ile olur ancak, bu çalışmanın 
esas amacı, iletim ile olan ısı geçişlerinin de incelenmesidir. Oluşturulan modelin 
sonuçları PetraSim yazılım programı ile doğrulanmıştır.   
Farklı ısı iletimi katsayıları için rezervuarın ilk sıcaklığına ulaşması için gerekli süre 
üzerindeki etkiler incelenmiştir. Isı iletimi göz önünde bulundurulmadığında, 
sıcaklığın ilk sıcaklığa erişmesinin mümkün olmadığı gözlenmiştir.. 
Isı iletiminin basınç ve sıcaklık üzerindeki etkileri, rezervuara soğuk su girişi, soğuk 
su geri basma ve her ikisi birden varken incelenmiştir. Rezervuara giren suyun 
sıcaklığının, rezervuar sıcaklığının ilk sıcaklık değerine ulaşması için gereken süreye 
etkisi gözlenmemiştir. 
Yeni geliştirilen, izotermal olmayan tank modeli ile tekrar basılan suyun, üretim 
kuyularına ulaşması için gereken süre hakkında bilgi edinilebilir. 
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1. INTRODUCTION 
Geothermal energy is heat (thermal) derived from the earth (geo). Geothermal power 
has had many uses over the years with one of them being bathing. The oldest known 
spa was built in the third century BC on Lisan Mountain, China. In the first century 
AD, Romans used the hot springs to feed public baths and under-floor heating. The 
world’s oldest geothermal district heating system is in Chaudes-Aigues, France. It 
has been operating since the 14th century, but the earliest industrial exploitation 
began in Larderello, Italy in 1827 by extracting boric acid from volcanic mud using 
steam to heat cauldrons to separate the two and later, in 1904, this dry steam field 
started energy production [url-1]. 
Geothermal energy is clean, safe, renewable and sustainable and as a result its usage 
has increased worldwide. By 2005, 72 countries have reported direct utilization of 
geothermal energy. The usage of thermal energy has increases by 43% between 2000 
and 2005 to 273372 TJ/year (75943 GWh/year). The estimated installed thermal 
capacity in these 72 countries is 28268 MWt. Figure 1.1 shows the distribution of 
thermal energy used by category and table 1.1 shows the production, capacity and 
usage of the top countries using thermal energy (Lund et. al., 2005). Worldwide, 
geothermal plants have the capacity to generate about 10 GW of electricity as of 
2007 [url-1]. 
 
Figure 1.1: Utilization of geothermal energy, adapted from url-1. 
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Table 1.1:Top countries using the most geothermal heating in 2005, adapted from 
Url-3. 
Country Production 
PJ/year 
Capacity 
GW 
Dominated 
Application 
China 45.38 3.69 Bathing 
Sweden 43.2 4.2 Heat Pumps 
USA 31.24 7.82 Heat Pumps 
Turkey 24.84 1.5 Electricity Generation 
Iceland 24.5 1.84 District Heating 
Japan 10.3 0.82 Bathing 
Hungary 7.94 0.69 SPA/Greenhouse 
Italy 7.55 0.61 SPA/Greenhouse 
New Zealand 7.09 0.31 Industrial 
63 Others 7.1 6.8  
Due to rising oil prices, the use of geothermal energy has increased over the past 
years in Turkey. By 2008, the installed geothermal power generation capacity in 
Turkey is 32.65 MWe while the direct use is around 795 MWt. The major 
geothermal fields are located at the western parts of Turkey. The 11 – major fields 
have 570 MWe proven, 905 MWe probable and 1389 MWe possible geothermal 
reserves for power generation (Korkmaz et. al., 2008). Table 1.2 shows the amount 
of heat used in different applications of geothermal resources in Turkey (Serpen et 
al., 2009). 
Table 1.2: Direct usage of geothermal resource in Turkey. 
Application Heat Used MWt 
Power Generation 875.5 
District Heating 395 
SPA 220 
Greenhouse 180 
Geothermal energy is generally limited to areas near the plate tectonic boundaries. 
Figure 1.2 and 1.3 shows the major plate tectonic boundaries and where geothermal 
fields are located respectively. Volcanic activities are obvious indications of 
underground heat; therefore, volcanological studies are the first step in geothermal 
energy exploration. The main objective in geothermal exploration is to start the 
exploration in a larger area and narrowing it down, using the data collected, until the 
source location is determined. For this purpose, many disciplines have to work 
closely. The aim of a geologist is to model the thermal area as precisely as possible 
and suggest locations for wells to be drilled. Hydro-geologists work closely with the 
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geologists and their goal is to predict the flow path of the liquid within the model 
boundaries. The main job of a geophysicist is to describe the structure of the area 
with geothermal activity and finally the geochemist should analyze the chemical 
properties of the discharge water. These analyses may provide information about the 
flow paths of the liquid (Serpen, 2003).   
A simple workflow of geothermal exploration starts with the geologists exploring 
volcanic regions to find the most likely for further study. Geological landforms and 
fault structures are mapped. These geological maps show rock types, rock ages, 
permeabilities, structural components (faults, tensions etc…). Then, the 
geophysicists and geochemists gather and analyze data from electrical (which 
provides an idea about the dimensions and thermal properties of the reservoir), 
magnetic (to determine anomalies), chemical (to detect the properties of the liquid 
and its flow path) and seismic surveys. Finally, a small diameter “temperature 
gradient hole” is drilled to determine the temperatures underground. Rock fragments 
and cores are examined by geologists. If the temperature gradient is acceptable, 
drilling for a larger and deeper well is encouraged [url-5].          
 
Figure 1.2:  Plate tectonic boundaries, adapted from url-2.    
 
Figure 1.3: Geothermal field locations, adapted from url-1. 
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Due to a variety of geological processes, some areas are underlain by relatively 
shallow geothermal resources. These resources can be classified as low temperature 
(< 90oC), moderate temperature (90oC < T < 150oC) and high temperature (>150o
First we define some terms related to geothermal energy:  
C) 
reservoirs. The uses to which these resources are applied are influenced by the 
temperature. High temperature geothermal reservoirs are commonly used to generate 
electricity whereas lower temperature geothermal reservoirs are used directly 
(heating of buildings, greenhouses etc…) [url-4]. 
A geothermal field indicates an area at the surface above a geothermal reservoir 
below, where there is geothermal activity. 
A geothermal system, shown in Figure 1.4, refers to all parts of the hydrological 
system involved including the recharge zones, all subsurface parts and the outflow of 
the system associated with a geothermal field. A geothermal reservoir is usually 
surrounded with colder rocks which are hydraulically connected with the reservoir. 
Hence, water may move towards the reservoir (recharge). In some cases recharge can 
be provided by cold water injection.  
 
Figure 1.4: Geothermal system. 
The aquifer is a water-bearing layer. In response to production, the reservoir pressure 
drops and the aquifer reacts as a natural recharge by expansion of water and/or 
compressibility of the rock. The rate of recharge depends on the production rate and 
the properties of the aquifer, such as permeability.   
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Finally, geothermal reservoir describes the porous rock in the hot section of any 
geothermal system that is directly exploited for either mass or energy. 
Geothermal reservoirs are classified by their physical states. Figure 1.5 shows a 
pressure-temperature diagram of pure water. 
(i) Liquid dominated geothermal reservoirs: The water temperature is at or 
above the boiling point curve and water phase controls the pressure in the 
reservoir.  
(ii) Two-phase geothermal reservoirs: Both liquid and vapor is present in the 
system i.e. the temperature and pressure follows the boiling point curve. 
(iii) Vapor dominated geothermal reservoirs: The water temperature is at or 
below the boiling point curve and vapor phase controls the pressure in the 
reservoir. 
Figure 1.5: Pressure – temperature diagram of pure water. 
1.1 Geothermal Reservoir Modeling 
Reservoir management has become important as a result of increasing usage of 
geothermal energy. One of the major aspects of reservoir management is of course 
reservoir engineering. The construction of a reservoir model is a necessity for good 
practice in reservoir engineering. There are three main approaches for modeling the 
behavior of geothermal reservoirs: analytical models, lumped parameter models and 
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numerical models. These methods are applicable at different stages of the project. In 
general, a simple model is used at early stages, when there are limited data and as the 
amount and the quality of data increase, numerical models can be used. 
1.1.1 Numerical models 
In numerical modeling the reservoir is first divided into grid blocks. Then mass and 
energy balance equations are solved for each block for modeling the pressure and 
temperature behavior of the reservoir. Numerical models are probably the most 
general technique of modeling since it can take into account reservoir geometry, 
complex wells, heterogeneity in reservoir rock properties, multiphase flow and etc. 
However, numerical models require extensive amounts of input data for modeling 
and simulation, which is usually not available for newly discovered fields. 
Different methods for modeling the behavior of geothermal reservoirs have been 
reported in the reservoir engineering literature; Horne and O’Sullivan (1977), 
Zyvoloski and O’Sullivan (1980), Goyal and Kassoy (1981), Bodvarsson et. al. 
(1982), Marcou and Gudmundsson (1986) and Bodrasson et. al. (1986) have used 
numerical models to represent and simulate different reservoirs to understand their 
properties and make future predictions. 
1.1.2 Lumped parameter models        
Lumped parameter models can be considered as simplified numerical models and 
they provide a good alternative for numerical models, especially during the early life 
of the reservoir. Lumped parameter models consist of homogenous tanks 
representing the reservoir and the aquifer. These tanks can be used in various 
combinations for modeling a reservoir, multiple reservoirs or reservoirs with aquifer 
support. Average properties are assigned to the blocks and the changes in pressure, 
temperature and production rate are calculated. The number of parameters increases 
as the number of tanks increases. 
Some of the disadvantages of lumped parameter models are that they do not consider 
fluid flow within the reservoir, they cannot simulate fronts and they do not consider 
production/reinjection well spacing and well locations. The main advantages of 
lumped parameter models is the need for fewer input data and its simplicity.  
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Several lumped parameter models have been proposed in the literature: 
Whiting and Ramey (1969) and Brigham and Ramey (1981) developed lumped 
parameter models by using material and energy balances. Hemispherical, radial and 
linear flows were considered for the water influx models. In all three cases, flow was 
assumed to be isothermal liquid water of constant viscosity, compressibility and 
enthalpy. They indicated that the governing equations are useful for estimating the 
initial reservoir conditions, matching the past performance and predicting the future 
performance of the reservoir. 
Sanyal et. al. (1976) suggested an approach to model semi-analytically the 
breakthrough time of water injected, the pressure distribution and the temperature of 
the produced water. The model consists of horizontal layers with alternating 
permeable and impermeable layers. The solution proposed by Gringarten (1976) for 
the extraction of heat from fractured dry rocks was modified to handle the heat 
transfer. The pressure distribution was calculated by spatial superposition of the 
continuous line source solution and assuming average fluid properties. 
Castainer et. al. (1980) and Castanier and Brigham (1983) described an analytical 
model which can be applied to liquid dominated, steam dominated and two phase 
geothermal reservoirs. 
Olsen (1984) and Gudmundsson and Olsen (1987) presented depletion models for 
liquid dominated geothermal reservoirs. Depletion models with recharge and no 
recharge were used to match field data. Water influx was included. The best match 
was obtained using an infinite linear aquifer model with Hurst simplified solution.  
Grant et.al. (1982), Axelsson (1989), Axelsson and Dong (1998) and Axelsson and 
Gunnlaugsson (2000) described a method of lumped parameter modeling to simulate 
low-temperature geothermal reservoirs. Equations were derived in matrix form and 
therefore, the solution is presented in implicit form. 
Alkan and Satman (1990) developed a lumped parameter model for geothermal 
reservoirs with the presence of carbon dioxide. 
Sarak et. al. (2004), Korkmaz (2004) and Tureyen et. al. (2007) also described a 
method of lumped parameter modeling for low-temperature geothermal systems for 
various tank combinations. 
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Later, Onur et. al. (2008) developed a non-isothermal lumped parameter model for 
liquid dominated geothermal reservoirs. 
A study, to be presented in the WGC in 2010, by Satman (2010), discusses a new 
lumped parameter model with simple analytical solutions to model the temperature 
behavior of geothermal reservoirs. The main objective of this study was to 
understand the characteristics of temperature recovery. In his study, he considered a 
constant heat recharge rate into the reservoir which is a lumped parameter 
representing convective and conductive components.  
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2. LUMPED PARAMETER MODELING 
The ultimate goal in any reservoir study is to predict the future performance of the 
field under different production/reinjection scenarios. Lumped parameter models can 
be considered as simplified numerical models. For both methods, model parameters 
can be obtained by applying nonlinear regression techniques to match the observed 
data such as pressure, water levels and etc. to the model output for future 
performance predictions (Sarak et. al., 2005). What makes lumped parameter model 
simple is that they consist of homogenous tanks representing the reservoir and/or the 
recharge source and that these tanks are parameterized by using only a few number 
of parameters. Lumped parameter models are used for history matching and 
predicting pressure (and/or water levels), especially at the early stages of the 
geothermal field as there are limited data available.  
2.1 The Isothermal Lumped Parameter Model     
The lumped parameter models given by Grant et. al. (1982), Axelsson (1989) and 
Sarak et. al. (2005) are isothermal models. These models are based on the 
conservation of mass only and are valid for low-temperature liquid dominated 
geothermal reservoirs. It is assumed that the system is isothermal, in other words, the 
changes in temperature within the system are neglected. 
Figure 2.1 illustrates a single tank which is considered to represent a geothermal 
reservoir with a bulk volume Vb (m3 φ) and porosity . The pressure of the tank is p 
(bar). Wp is the total production mass rate (kg/s), Winj is the total injection mass rate 
(kg/s) and Ws
acc s inj pW W W W= + −
 is the total mass flow rate (kg/s) between the aquifer (recharge source) 
and the reservoir due to the pressure drop in the reservoir as a result of production. 
Hence, application of the mass balance equation yields; 
                 (2.1) 
10 
 
 
Figure 2.1: Schematic of single tank open system. 
Wacc
( )b w
acc
V
W
t
φρ∂
=
∂
, the liquid mass accumulation (kg/s), is defined as; 
                            (2.2) 
where, wρ  is the liquid density (kg/m
3), Vb is the bulk volume (m3
Hence, equation 2.1 becomes; 
) and t is time (s). 
( )b w
s inj p
V
W W W
t
φρ∂
= + −
∂
                 (2.3) 
Assuming a constant bulk volume gives; 
( ) ( )b w w
b
V
V
t t
φρ φρ∂ ∂
=
∂ ∂
                    (2.4) 
( ) ww w
p p
t p t p t
ρ φ
φρ φ ρ
∂∂ ∂ ∂ ∂
= +
∂ ∂ ∂ ∂ ∂
                 (2.5) 
( ) 1 1ww w
w
p p
t p t p t
ρ φ
φρ φρ
ρ φ
 ∂∂ ∂ ∂ ∂
= + ∂ ∂ ∂ ∂ ∂ 
                (2.6) 
Now let’s consider the definitions of fluid compressibility and rock compressibility, 
fc (bar
-1
rc) and  (bar
-1
1 w
f
w
pc
p t
ρ
ρ
∂ ∂
=
∂ ∂
);  
                 (2.7) 
1
r
pc
p t
φ
φ
∂ ∂
=
∂ ∂
                  (2.8) 
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Using the above definitions in equation 2.6 gives, 
b w
b w t
V pV c
t t
φρ
φρ
∂ ∂
=
∂ ∂
                  (2.9) 
where, tc (bar
-1
t f rc c c= +
) is the total compressibility and is defined as; 
                (2.10) 
As a result, equation 2.3 becomes; 
b w t s p inj
pV c W W W
t
φρ ∂ = − +
∂
              (2.11) 
It is assumed that the fluid compressibility and the rock compressibility are constant 
(i.e. fluid and rock are slightly compressible). 
The mass flow rate between the recharge source and the reservoir, Ws,
( )0sW p p tα=  −  
 can be 
calculated from Schilthuis’s (1936) steady – state flow model and is given by; 
                (2.12) 
Here,α , the recharge index (kg/bar – s), defines the amount of mass flow rate per 
unit pressure drop. 0p  is the initial pressure (bar) and ( )p t is the average pressure 
(bar) in the tank at any given time t. If there is no recharge to/from the reservoir, α is 
set to 0. 
Under these assumptions the conservation of mass is expressed as; 
( )0 0b w t p inj
pV c p p t W W
t
φρ α∂  −  −  + − =   ∂
            (2.13)  
The first term on the left hand side represents the accumulation of mass in the 
reservoir, the second term represents the mass flow rate from the aquifer (recharge 
source) and the last term represents the net production rate from the reservoir. 
Let; 
b w tV cκ φρ=                 (2.14) 
,p net p injW W W= −                (2.15) 
κ is the storage capacity (kg/bar) and represents the amount of mass of the fluid 
which can expand due to a unit pressure drop. ,p netW is defined as the net production 
mass rate. 
12 
 
Replacing these definitions in equation 2.13 and rearranging yields; 
( ), 0p net
dpW p p t
dt
α κ=  −  −                 (2.16) 
Assuming that the recharge pressure is constant and equal to the initial pressure 0p , 
than p∆ can be defined as; 
( ) ( )0p t p p t∆ = −                (2.17) 
Hence, rewriting equation 2.16 in terms of p∆ and rearranging, we obtain; 
,p netWd p p
dt
α
κ κ
∆
+ ∆ =                (2.18) 
Equation 2.18 is a first order ordinary differential equation and its solution is given 
by; 
,( ) exp p net
Wtp t c α
κ α
 ∆ = − + 
 
              (2.19) 
To determine the arbitrary constant c, an initial condition on p∆ is required. As the 
system is in hydraulic equilibrium at t=0 (i.e. the initial pressure is uniform in the 
system), then the initial condition can be written as; 
( )0 0p t∆ = =                 (2.20) 
Therefore; 
,p netWc
α
= −                 (2.21) 
Replacing equation 2.21 in equation 2.19 yields; 
,( ) 1 expp net
W tp t α
α κ
  ∆ = − −    
                 (2.22) 
or 
,
0( ) 1 exp
p netW tp t p α
α κ
  = − − −    
             (2.23) 
The above solution assumes a constant net production rate. 
The homogenous tanks can be in various combinations to represent multiple 
geothermal reservoirs or reservoirs with aquifers. Analytical equations, assuming 
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isothermal conditions have been developed by Sarak et. al. (2005) and Korkmaz 
(2004).  
2.1.1 1 reservoir – 1 aquifer with recharge source (2-tank open system) 
The lumped parameter model considered in this section consists of 2 tanks. Figure 
2.2 represents schematics of a 2 tank model. The first tank represents the reservoir, 
where production/reinjection takes place. The second tank represents the aquifer. The 
aquifer has a constant pressure boundary, in other words the aquifer might be 
connected to a larger recharge source. 
 
Figure 2.2: Schematic of a 2 tank open model. 
First, let’s define the variables shown in the figure; ip  (bar) is the pressure at the 
recharge, aW  (kg/s) is the recharge mass rate from the recharge into the aquifer, aα
(kg/bar – s) represents the recharge index between the recharge source and the 
aquifer. ap (bar) and aκ  (kg/bar) are the pressure and the storage capacity of the tank 
representing the aquifer respectively. rW (kg/s) is the recharge mass rate from the 
aquifer into the reservoir, rα (kg/bar – s) represents the recharge index between 
aquifer and the reservoir tank. ( )rp t (bar) and rκ (kg/bar) are the pressure at any 
given time t (s) and the storage capacity of the tank representing the reservoir 
respectively.  
The pressure behavior for a 2 tank open system is calculated with the following 
equation; 
( ) ( ) ( ) ( ) ( )
, 1 2
1 2
1 2 1 2 1 2 1 2
exp expp netr
r
W d ddp t t tµ µµ µ
κ µ µ µ µ µ µ µ µ
 − −
∆ = + − + − 
− −  
        (2.24) 
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where, 
2
1
2
2
4
2
4
2
a rr r
r r a r
a rr r
r r a r
d d
d d
α αα α
κ κ κ κ
µ
α αα α
κ κ κ κ
µ
    + + + −       = 

   
+ − + −    
   = 
                          
(2.25) 
and, 
[ ]a r
a
d
α α
κ
+
=                 (2.26) 
 
2.1.2 1 reservoir – 1 aquifer without recharge source (2-tank closed system) 
Let’s consider the schematic shown in figure 2.2. In this case, the aquifer has a 
closed outer boundary, in other words the aquifer is not connected to a larger 
recharge source (i.e. aα = 0). The solution for the reservoir pressure is given by;  
( ) ( ) ( )
2
, , 1 expp net p net a a rr r
a r r a r a r
W W
p t t tκ κ κα
κ κ α κ κ κ κ
    +
∆ = + − −     + +      
         (2.27) 
 
2.1.3 1 reservoir – 1 aquifer with recharge source (2-tank open system without 
initial hydraulic equilibrium) 
The system considered is similar to the one given in section 2.1.1; the aquifer has a 
constant pressure boundary. The difference is that the initial pressure at the recharge 
source, ip , is different from the pressures at the tanks representing the aquifer, ap , 
and the reservoir, ( )rp t . In other words, the initial condition can be defined as; 
( ) ( )0 0o a r ip p t p t p= = = = ≠               (2.28) 
The pressure behavior at the tank representing the reservoir is given by; 
( ) ( ) ( ) ( ) ( )
( )
( ) ( ) ( )
( )
, 1 2
1 2
1 2 1 2 1 2 1 2
2 1 2 1 1 2
1 2 1 2
exp exp
exp exp
          
p net
r
r
a r
i o
a r
W d ddp t t t
t t
p p
µ µ
µ µ
κ µ µ µ µ µ µ µ µ
µ µ µ µ µ µα α
κ κ µ µ µ µ
 − −
∆ = + − + −  
− −  

 − − − + −   + − − 
        (2.29) 
1 2,µ µ  and d are evaluated using equations 2.25 and 2.26.  
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2.1.4 1 reservoir – 2 aquifer with recharge source (3-tank open system) 
Sarak et. al. (2005) has also considered models with more than two tanks. Figure 2.3 
shows a system with one reservoir and two aquifers which is represented by three 
tanks. 
  
Figure 2.3: Schematic of a 3 tank model. 
The first tank represents the reservoir which as a storage capacity rκ (kg/bar) and an 
initial pressure ( )rp t (bar). The first tank is connected to an inner aquifer. When 
production takes place in the first tank, the pressure drop causes the fluid from the 
inner aquifer towards the reservoir. rW  (kg/s) is the recharge mass rate from the 
inner aquifer into the reservoir and rα (kg/bar – s) represents the recharge index 
between the inner aquifer and the reservoir. iaκ (kg/bar) is the storage capacity of the 
inner aquifer and iap (bar) is the initial pressure of the inner aquifer. As fluid flows 
from the inner aquifer towards the reservoir, a pressure difference between the inner 
and the outer aquifer causes a flow from the outer aquifer towards the inner aquifer. 
irW  (kg/s) is the recharge mass rate from the outer aquifer into the inner aquifer and 
irα (kg/bar – s) represents the recharge index between the outer aquifer and the inner 
aquifer. oaκ (kg/bar) is the storage capacity of the outer aquifer and oap (bar) is the 
initial pressure of the outer aquifer. The outer aquifer might be connected to a larger 
recharge source with an initial pressure of ip  (bar), a recharge index oaα (kg/bar – s) 
and a mass rate towards the outer aquifer from the recharge source is oaW  (kg/s). 
The pressure behavior of the reservoir suggested by Sarak (2004) is as follows; 
( ) ( ) ( ) ( ), 1 2 3exp exp expp netr
r
W
p t A B t C t D tµ µ µ
κ
∆ =  + − + − + −               (2.30) 
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Where, 
( )( )
( )( ) ( )( )
1
2
1 1 22
1 2 3 1 2 1 3 1
22
3 1 3 22 1 2 2
2 1 2 3 2 3 1 3 2 3
                                   
            
a aaA B
a aa aC D
µ µ
µ µ µ µ µ µ µ µ
µ µµ µ
µ µ µ µ µ µ µ µ µ µ
− +
= = − 
− − 

− +− + = − = − − − − − 
         (2.31) 
3 3
1 2
3
3
22 cos                     2 cos
3 3 3 3
42 cos
3 3
a aQ Q
aQ
θ θ π
µ µ
θ π
µ
+   = + = +        

+  = +    
         (2.32) 
2
3 4
3
3 3 4 5
3
3           
9
2 9 27           
54
arccos
a aQ
a a a aR
R
Q
θ

− = 

− + = 

 
 =
    
              (2.33) 
( ) ( )
( ) ( )
( ) ( ) ( )
1
2
3
4
5
ia ia oa oa ia r
ia oa
ia r oa r ia oa
ia oa
oa r ia r ia r ia oa ia oa r
ia oa r
r ia r oa r ia oa ia ia r oa r oa ia r
ia oa r
ia oa r
ia oa r
a
a
a
a
a
κ α α κ α α
κ κ
α α α α α α
κ κ
κ κ α α κ κ α α κ κ α
κ κ κ
κ α α α α α α κ α α α α κ α α
κ κ κ
α α α
κ κ κ
+ + + 
= 

+ +
= 

+ + + + = 

+ + + + +
=


=

         (2.34) 
2.1.5 1 reservoir – 2 aquifer without recharge source (3-tank closed system) 
Considering the same system shown in figure 2.3, but in this case the outer aquifer 
has a closed outer boundary, oaα = 0, than the pressure behavior is calculated using 
the following equation (Sarak, 2004); 
17 
 
( ) ( ) ( )
( ) ( )
( ) ( )
1
, 1 2
2 2 2
1 2 2 1 2
, 1 2
1
2 1 1 2
,
1 2
2 1
exp 1 exp 11
1 exp 1 exp1
1 exp exp
p net
r
r
p net
r
p net
r
w t ttp t a
w t t
a
w
a t t
µ µ
κ µ µ µ µ µ µ
µ µ
κ µ µ µ µ
µ µ
κ µ µ
  − − − − ∆ = + −  
−     
   − − − −  + −   −    
  +  − − −    −  
         (2.35) 
Where, 
2 2
3 3 4 3 3 4
1 2
4 4
                  
2 2
a a a a a a
µ µ
+ − − −
= =            (2.36) 
( )
( )
( )
1
2
3
4
oa ia r ia ia
ia oa
ia r
ia oa
oa r ia r ia r ia ia oa r
ia oa r
ia oa r ia r
ia oa r
a
a
a
a
κ α α κ α
κ κ
α α
κ κ
κ κ α α κ κ α κ κ α
κ κ κ
κ κ κ α α
κ κ κ
+ + 
= 


= 

+ + + = 

+ + 
= 

            (2.37) 
2.1.6 2 reservoirs without aquifer model (with initial hydraulic equilibrium) 
 
Figure 2.4: Schematic of a 2 reservoir tanks without aquifer model. 
Figure 2.4 show a system with two reservoirs, a deep reservoir and a shallow 
reservoir. The two reservoirs are connected with each other and to a recharge source. 
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In this case an aquifer tank is not present. 1rκ (kg/bar), 1rp  (bar) and 2rκ (kg/bar), 
2rp  (bar) are the storage capacity and the initial pressures of the shallow and deep 
reservoirs respectively. 1rα (kg/bar – s) and 2rα (kg/bar – s) are the recharge indexes 
between the recharge source and the reservoir and 12α (kg/bar – s) is the recharge 
index between the two reservoirs. The mass rate from the recharge source to the 
reservoirs are represented by 1rW  (kg/s) and 2rW  (kg/s) and the mass flow rate 
between the tanks is 12W  (kg/s). ip  (bar) is the initial pressure of the recharge source. 
The pressure behavior of the shallow reservoir, 1rp∆  and deep reservoir, 2rp∆  is 
given by (Korkmaz, 2004); 
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
1 1 1 1 2 1 1
1 , 1 1 2
1 2 1 1 1 2 1 2 1 2
2 2 2
, 2 1 2
1 2 1 1 2 2 1 2
2 2 2
2 , 1 1 2
1 2 1 1 2 2 1 2
exp exp
exp exp
,
exp exp
r r
r p net
r r
p net
r p net
a a ap t w t t
a a aw t t
and
a a ap t w t t
µ κ µ κ
µ µ
µ µ κ µ µ µ κ µ µ µ
µ µ
µ µ µ µ µ µ µ µ
µ µ
µ µ µ µ µ µ µ µ
 − −
∆ = − − + − 
− −  
 
+ + − − − 
− −  
 
∆ = + − − − 
− −  
( ) ( ) ( ) ( )
3 1 2 3 2 2 3
, 2 1 2
1 2 2 1 1 2 2 2 1 2
exp expr rp net
r r
a a aw t tµ κ µ κµ µ
µ µ κ µ µ µ κ µ µ µ
















 − − + − − + −  − −   
        (2.38) 
where, 
2 2
4 4 5 4 4 5
1 2
4 4
               
2 2
a a a a a a
µ µ
+ − − −
= =              (2.39) 
and, 
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( )
2 12
1
1 2
12
2
1 2
1 12
3
1 2
1 12 2 12
4
1 2
1 2 12 1 2
5
1 2
r r
r r
r
r r
r r
r r
r r r r
r r
r r r r r
r r
a
a
a
a
a
α α
κ κ
α
κ κ
α α
κ κ
α α α α
κ κ
α α α α α
κ κ
+
= 


= 

+ = 

+ +
= + 

+ + =

              (2.40) 
2.1.7 2 reservoirs without aquifer model (without initial hydraulic 
equilibrium) 
When the initial conditions for the case given in figure 2.4 is changed as given 
below; 
1 1 2 2@ 0                      @ 0r r i r r ip p t p p t= = = =             (2.41) 
Then, the pressure changes in the reservoirs are calculated as follows; 
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )
( )
, 1 4 1 4 2 4
1 1 2
1 1 2 1 1 2 2 1 2
5 5 52
1 2
2 1 2 1 1 2 2 1 2
1 210 1 4 10 5 9 10 2 4 10
2 1 1 2 2 1 2 1 1
exp exp
exp exp
exp exp
p net
r
r
r
r
r r r r r r
w a a ap t t t
a a aw t t
t ta a a a a a a a
µ µ
µ µ
κ µ µ µ µ µ µ µ µ
µ µ
κ µ µ µ µ µ µ µ µ
µ µµ µ
κ κ κ κ µ µ µ κ κ
 − −
∆ = − − + − 
− −  
 
+ + − − − 
− −  
− − 
+ − + − − +  − 
5 9
2
5 9 4 10
1 2 2 1
1
r
r r
a a
a a a a
κ
µ µ κ κ







  
  
  
  + −    
        (2.42) 
and, 
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( )
( )
( )
( )
, 1 6 6 6
2 1 2
1 1 2 1 1 2 2 1 2
, 1 3 1 3 2 3
1 2
2 1 2 1 1 2 2 1 2
1 29 1 3 9 6 10 9 2
1 1 2 2 2 1 2 1 2 2
exp exp
exp exp
exp exp
p net
r
r
p net
r
r r r r
w a a ap t t t
w a a at t
t ta a a a a a a
µ µ
κ µ µ µ µ µ µ µ µ
µ µ
µ µ
κ µ µ µ µ µ µ µ µ
µ µµ µ
µ µ µ κ κ κ µ µ µ κ
 
∆ = + − − − 
− −  
 − −
+ − − + − 
− −  
− − 
+ − + − − − + − − 
3 9 6 10
2 1
3 9 6 10
1 2 2 1
1
r r
r r
a a a
a a a a
κ κ
µ µ κ κ







 
− 
 
  + −    
        (2.43) 
where, 
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2 2
7 7 8 7 7 8
1 2
4 4
                  
2 2
a a a a a a
µ µ
+ − − −
= =            (2.44) 
and, 
( )
( ) ( )
1 12 2 12 12 12
3 4 5 6
1 2 1 2
1 2 12 1 21 12 2 12
7 8
1 2 1 2
9 2 1 12 2 1
1
                                       
                              
r r r r r r
r r r r
r r r r rr r r r
r r r r
r i r i r r i r i
a a a a
a a
a p p p p
a
α α α α α α
κ κ κ κ
α α α α αα α α α
κ κ κ κ
α α
+ +
= = = =
+ ++ +
= + =
= − − + −
( ) ( )0 1 1 12 2 1r i r i r r i r ip p p pα α








= − + − 
        (2.45) 
2.1.8 2 reservoirs with aquifer model (with initial hydraulic equilibrium) 
As different from the model considered in section 2.1.6, an aquifer is included in the 
geothermal system which consists of two reservoirs, one shallow reservoir and one 
deep reservoir. Both reservoirs are connected to the aquifer which is connected to a 
constant pressure recharge source (Figure 2.5). 
 
Figure 2.5: Schematic of a 2 reservoir tanks with aquifer model. 
κ (kg/bar) and p (bar) represents the storage capacity and the pressures. The 
subscripts a, r1 and r2 represents the aquifer, shallow reservoir and deep reservoir 
respectively. 1rW  (kg/s) is the mass flow rate from the aquifer to the shallow 
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reservoir and 2rW  (kg/s) is the mass flow rate from the aquifer to the deep reservoir. 
12W  (kg/s) is the mass flow rate between the two reservoirs and aW  (kg/s) is the mass 
flow rate from the recharge source to the aquifer. 12α (kg/bar – s) is the recharge 
index between the two reservoirs, 1rα (kg/bar – s) and 2rα (kg/bar – s) are the 
recharge indexes from the aquifer to the shallow and deep reservoir respectively. The 
initial pressure of the recharge source is ip  (bar). 
The pressure changes in the two reservoirs are evaluated using the following 
equations (Korkmaz, 2004); 
( )
( )
( )( ) ( )
( )
( )( ) ( )
( )
( )( ) ( )
1
2
1 9 1 1 9 3 71 9 3 7
1
1 2 3 1 2 1 3 1
2
, 1 2 1 9 2 1 9 3 7
1 2
1 2 1 2 3 2
2
3 1 9 3 1 9 3 7
3
3 1 3 2 3
1 6 3 4
1 2
, 2
2
exp
exp
exp
p net
r
r
p net
r
a a a a a aa a a a t
w a a a a a a
p t t
a a a a a a
t
a a a a
w
µ µ
µ
µ µ µ µ µ µ µ µ
µ µ
µ
κ µ µ µ µ µ
µ µ
µ
µ µ µ µ µ
µ µ
κ
 − + + −−
− − 
− − 
 − + + − ∆ = − − 
− − 
 − + + − − −
 − − 
+
+
( )( ) ( )
( )( ) ( )
( )( ) ( )
6 1 1 6 3 4
1
3 1 2 1 3 1
6 2 1 6 3 4
2
2 1 2 3 2
6 3 1 6 3 4
3
3 1 3 2 3
exp
exp
exp
a a a a a t
a a a a a t
a a a a a t
µ
µ
µ µ µ µ µ µ
µ
µ
µ µ µ µ µ
µ
µ
µ µ µ µ µ











 − + +
− −  
− −  
 − + −  − − 
− −  
 − + +  − −
− −   
        (2.46) 
and,   
( )
( )( ) ( )
( )( ) ( )
( )( ) ( )
( )
1
1 8 2 7 8 1 1 8 2 7
1
1 2 3 1 2 1 3 1
, 1 8 2 1 8 2 7
2 2
1 2 1 2 3 2
8 3 1 8 2 7
3
3 1 3 2 3
2
1 5 1 11 5 2 4
1 2 3
, 2
2
exp
exp
exp
p net
r
r
p net
r
a a a a a a a a a t
w a a a a ap t t
a a a a a t
a a a aa a a a
w
µ
µ
µ µ µ µ µ µ µ µ
µ
µ
κ µ µ µ µ µ
µ
µ
µ µ µ µ µ
µ µ
µ µ µ
κ
 + − + +
− − 
− − 
 − + + ∆ = − − 
− − 
 − + +
 − −
− −  
− + +−
−
+
( )( ) ( )
( )
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( )
( )( ) ( )
5 2 4
1
1 2 1 3 1
2
2 1 5 2 1 5 2 4
2
2 1 2 3 2
2
3 1 5 3 1 5 2 4
3
3 1 3 2 3
exp
exp
exp
a a
t
a a a a a a
t
a a a a a a
t
µ
µ µ µ µ µ
µ µ
µ
µ µ µ µ µ
µ µ
µ
µ µ µ µ µ










 − − − −  − + + − − − − − 
 − + + − − −
 − − 
        (2.47) 
where, 
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( )
( )
( )
1 5 9
1
1 5 9
2
1 5 9
3
2 cos
3 3
22 cos
3 3
42 cos
3 3
a a a
Q
a a a
Q
a a a
Q
θ
µ
θ π
µ
θ π
µ
+ +  = +  
  
+ ++  = +  
  
+ ++  = + 
  
            (2.48) 
( ) ( )
( )
( )( )
( )
2
1 5 9 5 9 6 8 1 5 1 9 2 4 3 7
3
1 5 9
1 5 9 5 9 6 8 1 5 1 9 2 4 3 7
1 5 9 5 6 8 2 4 9 2 6 7 3 4 8 3 5 7
3
3
9
2
1 9
54
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a a a a a a a a a a a a a a a
Q
a a a
R a a a a a a a a a a a a a a a
a a a a a a a a a a a a a a a a a a
R
Q
θ

+ + − − + + − − 
= 

 + +
 = − + + − + + − − 
 + − − − − −  

  
 =     
         (2.49) 
and, 
1 2 1 2
1 2 3
1 1 12 12
4 5 6
1 1 1
2 12 2 12
7 8 9
2 2 2
                          
                                
                                
a r r r r
a a a
r r r r
r r r
r r r r
r r r
a a a
a a a
a a a
α α α α α
κ κ κ
α α α α
κ κ κ
α α α α
κ κ κ
+ +
= = = 

+ = = = 

+
= = = 

           (2.50) 
 
2.1.9 2 reservoirs with aquifer model (without initial hydraulic equilibrium) 
When the initial conditions for the case given in figure 2.5 is changed as given below 
(Korkmaz, 2004); 
1 1
2 2
@ 0
@ 0
@ 0
a ai
r r i
r r i
p p t
p p t
p p t
= = 
= = 
= = 
               (2.51) 
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Then, the pressure changes in the reservoirs are calculated as follows; 
( )
( )
( )( ) ( )
( )
( )( ) ( )
( )
( )( ) ( )
1
2
1 11 1 1 11 3 91 11 3 9
1
1 2 3 1 2 1 3 1
2
, 1 2 1 11 2 1 11 3 9
1 2
1 2 1 2 3 2
2
3 1 11 3 1 11 3 9
3
3 1 3 2 3
1 7
, 2
2
exp
exp
exp
p net
r
r
p net
r
a a a a a aa a a a t
w a a a a a a
p t t
a a a a a a
t
a a a
w
µ µ
µ
µ µ µ µ µ µ µ µ
µ µ
µ
κ µ µ µ µ µ
µ µ
µ
µ µ µ µ µ
κ
 − + + −−
− − 
− − 
 − + + − ∆ = − − 
− − 
 − + + − − −
 − − 
+
+
( )( ) ( )
( )( ) ( )
( )( ) ( )
( ) ( )( ) ( )
3 5 7 1 1 7 3 5
1
1 2 3 1 2 1 3 1
7 2 1 7 3 5
2
2 1 2 3 2
7 3 1 7 3 4 5
3
3 1 3 2 3
2 2
8 1 14 1 13 8 2 14 2
1 2
1 2 1 3 1
exp
exp
exp
exp exp
a a a a a a t
a a a a a t
a a a a a t
a a a a at t
µ
µ
µ µ µ µ µ µ µ µ
µ
µ
µ µ µ µ µ
µ
µ
µ µ µ µ µ
µ µ µ µ
µ µ
µ µ µ µ µ
−
 − −
+ − 
− − 
 − − + − 
− − 
 − −
 + −
− −  
 − − − −
+ − − + − − 
− −   ( )( )
( ) ( )( )
13
2 1 2 3 2
2
8 3 14 3 13 13
3
3 1 3 2 3 1 2 3
exp
a
a a a at
µ µ µ µ µ
µ µ
µ
µ µ µ µ µ µ µ µ




















  − −  
 − −
+ − − +  
− −    
(2.52) 
( )
( )( ) ( )
( )( ) ( )
( )( ) ( )
( )
1
1 10 2 9 10 1 1 10 2 9
1
1 2 3 1 2 1 3 1
, 1 10 2 1 10 2 9
2 2
1 2 1 2 3 2
10 3 1 10 2 9
3
3 1 3 2 3
2
1 6 11 6 2 5
1 2 3
, 2
2
exp
exp
exp
p net
r
r
p net
r
a a a a a a a a a t
w a a a a ap t t
a a a a a t
a aa a a a
w
µ
µ
µ µ µ µ µ µ µ µ
µ
µ
κ µ µ µ µ µ
µ
µ
µ µ µ µ µ
µ µ
µ µ µ
κ
 + − −
+ − 
− − 
 − − ∆ = + − 
− − 
 − +
 + −
− −  
− +−
−
+
( )( ) ( )
( )
( )( ) ( )
( )
( )( ) ( )
( ) ( )( ) ( )
1 6 2 5
1
1 2 1 3 1
2
2 1 6 2 1 6 2 5
2
2 1 2 3 2
2
3 1 6 3 1 6 2 5
3
3 1 3 2 3
2 2
12 1 16 1 15 12 2 16 2
1 2
1 2 1 3 1
exp
exp
exp
exp exp
a a a a
t
a a a a a a
t
a a a a a a
t
a a a a at t
µ
µ µ µ µ µ
µ µ
µ
µ µ µ µ µ
µ µ
µ
µ µ µ µ µ
µ µ µ µ
µ µ
µ µ µ µ µ
 + −
− 
− − 
 − + + − − − 
− − 
 − + + − − −
 − − 
 − + − +
+ − − + − − 
− −   ( )( )
( ) ( )( )
15
2 1 2 3 2
2
12 3 16 3 15 15
3
3 1 3 2 3 1 2 3
exp
a
a a a at
µ µ µ µ µ
µ µ
µ
µ µ µ µ µ µ µ µ




















  − −  
 − +
+ − − +  
− −         
       (2.53) 
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Where, 
( )
( )
( )
1 6 11
1
1 6 11
2
1 6 11
3
2 cos
3 3
22 cos
3 3
42 cos
3 3
a a a
Q
a a a
Q
a a a
Q
θ
µ
θ π
µ
θ π
µ
+ +  = +  
  
+ ++  = +  
  
+ ++  = + 
  
            (2.54) 
( ) ( )
( )
( )( )
( )
2
1 6 11 6 11 7 10 1 6 1 11 2 5 3 9
3
1 6 11
1 6 11 6 11 7 10 1 6 1 11 2 5 3 9
1 6 11 1 7 10 2 5 11 2 7 9 3 5 10 3 6 9
3
3
9
2
1 9
54
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a a a a a a a a a a a a a a a
Q
a a a
R a a a a a a a a a a a a a a a
a a a a a a a a a a a a a a a a a a
R
Q
θ

+ + − − + + − − 
= 

 + +
 = − + + − + + − − 
 + − − − − −  

  
 =     
         (2.55) 
and, 
1 2 1 2
1 2 3
1 1 2 2
4
1 1 12 12
5 6 7
1 1 1
1 1 12
8
1
                                   
                                         
      
a r r r r
a a a
a ac r r c r r c
a
r r r r
r r r
r r c r rc
r
a a a
p p pa
a a a
p pa
α α α α α
κ κ κ
α α α
κ
α α α α
κ κ κ
α α
κ
+ +
= = =
− ∆ + ∆ + ∆
=
+
= = =
− ∆ − ∆
= 2 129 10
2 2
2 2 122 12
11 12
2 2
13 1 8 11 1 7 12 4 5 11 4 7 9 3 5 12 3 8 9
14 8 11 7 12 1 8 4 5
15 1 6 12 1 8 10 2 8 9 4 5 10
                   
             
r r
r r
r r c r rcr r
r r
a a
p pa a
a a a a a a a a a a a a a a a a a a a
a a a a a a a a a
a a a a a a a a a a a a a
α α
κ κ
α αα α
κ κ
= =
− ∆ + ∆+
= =
= + + + + −
= + + +
= + + + 4 6 9 2 5 12
16 6 12 8 10 1 12 4 9
a a a a a a
a a a a a a a a a


















+ − 
= + + +






          (2.56) 
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2.1.10 Solving the isothermal lumped parameter model with numerical methods 
The mass balance equation can be also solved numerically (Konuksal, 2007). This 
provides the flexibility of generalizing the solutions to an arbitrary number of tanks 
with arbitrary combinations. The analytical equations presented above are for 
specific combinations of a specific number of tanks. 
Numerical solutions are based on solving the mass balance equations for each tank. 
Let’s consider any tank i as shown in figure 2.6. Tank i is assumed to have a 
connection to an arbitrary Ni
The accumulation term given by equation 2.2 for tank i becomes; 
 number of tanks. 
( ) ( )iacc ii
p t
W
t
κ
∂
=
∂
               (2.57) 
where the storage capacity is defined as; 
( )i b w t iV cκ φρ=                 (2.58) 
 
Figure 2.6: Schematic of a tank with Ni
If the mass balance equation is applied to tank i; 
 connections. 
Net mass Mass rate to/from Mass accumulation
- =
production rate connected tanks in tank i
         (2.59) 
,Net mass production rate = p netW              (2.60) 
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, 1 , 2 , ,
Mass rate to/from
connected tanks i j i j i jL i jNia a a a
W W W W= + + + + +   (2.61) 
Where 
, 1i ja
W is the mass the mass flow rate (kg/s) to/from tank j1
We again use the Schilthuis’s approach for modeling fluid flow between tanks; 
 to/from tank i.   
( )
, 1 , 1 1i ja i j j i
W p pα= −                (2.62) 
Where , 1i jα is the recharge index between tank i and j
If equation 2.62 is used in 2.61, then the mass balance equation becomes; 
1 
( ) ( ) ( ), 1 1 , 2 2 , ,...ii i j i i j i i jNi i Ni p net
p p p p p p p W
t
κ α α α
∂
 = − + − + + − − ∂
         (2.63) 
Using an implicit forward finite difference scheme for the time derivative results in; 
( ) ( ) ( )
1
1 1 1 1 1 1
, , 1 1 , 2 2 ,...
n n
n n n n n n ni i
i p net i j i i j i i jNi i Ni
p p W p p p p p p
t
κ α α α
+
+ + + + + +−  + = − + − + + − ∆
(2.64)  
Generalizing equation 2.64 yields; 
( )
1
1 1
, ,
1
i
l l
n nN
n n ni i
i j i j i p net
l
p pp p W
t
α κ
+
+ +
=
−
− = +
∆∑             (2.65) 
Grouping the knows and the unknowns yields; 
1 1
, , ,
1 1
l l l
nNi Ni
n n ni i i
i j j i j i p net
l l
pp p W
t t
κ κ
α α+ +
= =
 
+ − = − + ∆ ∆ 
∑ ∑            (2.66) 
The subscripts represent the tank and the superscripts represents represent the time-
step (i.e. 1nip
+  is the pressure at tank i at the next time-step and it is the unknown that 
we try to solve). 
If one of the connecting tanks’ volumes is taken to be very large ( 9910≈ m3
To make a better understanding we provide an example given in figure 2.7 which 
shows an example model with 6 tanks connected to each other (N
), it would 
simply act as a recharge (the pressure would not decline with time). 
t = 6), where Nt 
denotes the total number of tanks in the system. Each tank has its own pressure, p, 
and storage capacity constant, κ. Table 2.1 shows a summary of the tanks and their 
connections. 
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Figure 2.7: Example tank systems. 
 
Solving equation 2.66 for each tank, i, using the appropriate jl
 
 values; 
( )
( )
( )
1 11 11
12 1 12 2 . 1
2 21 1 1 12
12 1 21 23 25 2 23 3 25 5 . 2
3 31 1 13
23 2 23 34 3 34 4 . 3
1 4
34 3 34 45
n
n n n
p net
n
n n n n n
p net
n
n n n n
p net
n
p
p p W
t t
p
p p p p W
t t
p
p p p W
t t
p
t
κκ
α α
κκ
α α α α α α
κκ
α α α α
κ
α α α
+ +
+ + + +
+ + +
+
 − + = − + ∆ ∆ 
 + + + − + + = − + ∆ ∆ 
 + + − + = − + ∆ ∆ 
+ + −
∆
( )
( )
( )
4 41 1
4 45 5 . 4
5 51 1 1 15
25 2 45 4 25 45 5 56 6 . 5
6 61 16
56 5 56 6 . 6
n
n n n
p net
n
n n n n n
p net
n
n n n
p net
p
p p W
t
p
p p p p W
t t
p
p p W
t t
κ
α
κκ
α α α α α
κκ
α α
+ +
+ + + +
+ +











 + = − +   ∆ 
  + + + − + = − +  ∆ ∆ 

 + − = − +  ∆ ∆  
        (2.67) 
Equation 2.67 is a system of equations six equations and six unknowns. The 
unknowns to be solved are tank pressures n+1ip  for i=1,2…6 
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Table 2.1: Tank connections. 
Tank 
Number 
(i) 
Number of 
Connections 
(Ni
Connecting 
) 
tanks 
(ji
1 
) 
1 J 1
2 
=2 
3 J 1 =1, J 2 =3, J 3
3 
=5 
2 J 1 =2, J 2
4 
=4 
2 J 1 =3, J 2
5 
=5 
3 J 1 =2, J 2 =4, J 3
6 
=6 
1 J 1
Let 
=5 
n+1p  denote 6-dinemsional vector of the unknown pressures and nd to denote the 
6-dinemsional vector of knowns in the RHS of equation 2.67. 
1
1
1
2
1
1 3
1
4
1
5
1
6
     
n
n
n
n
n
n
n
p
p
p
p
p
p
+
+
+
+
+
+
+
 
 
 
 
=  
 
 
 
  
p                (2.68) 
( )
( )
( )
( )
( )
( )
1 1
, 1
2 2
, 2
3 3
, 3
4 4
, 4
5 5
, 5
6 6
, 6
    
n
n
p net
n
n
p net
n
n
p net
n
n
n
p net
n
n
p net
n
n
p net
p
W
t
p
W
t
p
W
t
p
W
t
p
W
t
p
W
t
κ
κ
κ
κ
κ
κ
 
 − +
∆ 
 
 − +
 ∆
 
 − + ∆=  
 
− + 
∆ 
 
 − +
∆ 
 
 − + ∆ 
d               (2.69) 
So, our system of equations can be written in the matrix – vector form as; 
n+1 n=A p d                 (2.70) 
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Where A is the coefficient matrix and is given by; 
1
12 12
2
12 21 23 25 23 25
3
23 23 34 34
4
34 34 45 45
5
25 45 25 45 56
6
56 56
6
0 0 0 0
0 0
0 0 0
0 0 0
0 0
0 0 0 0
x
t
t
t
t
t
t
κ
α α
κ
α α α α α α
κ
α α α α
κ
α α α α
κ
α α α α α
κ
α α
  −  ∆  
  + + −  ∆  
  + −  ∆  =    + − ∆  
   + −  ∆ 
 
  −  ∆  
A
6
(2.71) 
To solve for the unknown pressure of each tank, rearrange equation 2.70; 
n+1 n1p A  d−=                 (2.72) 
2.2 The Non – Isothermal Lumped Parameter Model 
In geothermal engineering it is also important to model the temperature behavior of a 
reservoir since the temperature will change due to production, cold water re-injection 
or cold water recharge. Even if there is only production, as mass is being removed 
from the system, the pressure will decrease causing the internal energy to decrease 
and therefore a slight drop in the temperature will occur. In order to model the 
change in temperature, equations arising from the conservation of energy also need 
to be solved. The behavior of the temperature is a function of the reservoir volume, 
production rate, re-injection rate, re-injection temperature, recharge rate and recharge 
temperature. Onur et.al. (2008) have developed a single tank (figure 2.8) lumped 
parameter model to match both pressure and temperature by solving the mass and 
energy balance equations simultaneously. The model has been developed for the 
general case of varying injection and production rates and enthalpies. 
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Figure 2.8: Idealized one tank non – isothermal lumped parameter model. 
( ) ( )0 0wb s p injV p p t W Wt
ρ φ
α
∂
 −  −  + − =   ∂
            (2.73) 
The first term on the left-hand side in equation 2.73 represents the accumulation of 
mass in the reservoir, the second term represents the mass flow rate of the aquifer 
(recharge source) and the last term represents the net production rate from the 
reservoir. 
In geothermal systems, the temperature changes in the reservoir mainly occur due to 
the fluid movement such as production, flow from recharge or re-injection. As a 
consequence, in geothermal systems usually convection dominates the process. Heat 
transfer due to conduction is neglected. Under this assumption, the energy balance 
for the model shown in figure 2.8 is; 
( ) ( ), 0 ,1 ( )b r r b w w inj w inj s ws p w p
d V C T V u W h p p t h t W h
dt
φ ρ φρ α − +  − −  −  +              (2.74) 
,
:  Specific heat capacity of the rock matrix ( / - )
:  Specific internal energy of water ( / )
:  Specific enthalpy of the injected water ( / )
:  Specific enthalpy of the recharge source (
o
r
w
w inj
ws
C J kg C
u J kg
h J kg
h
,
3
3
/ )
:  Specific enthalpy of the produced water ( / )
 : recharge index between the recharge source and aquifer ( / - )
: water density ( / )
: rock density ( / )
w p
s
w
r
J kg
h J kg
kg bar s
kg m
kg m
α
ρ
ρ
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The first term on the left-hand side in equation 2.74 represents the energy 
accumulation, the second term is the heat flow to the system from the injected fluid, 
the third term represents the heat flow from the recharge source and the fourth term 
is the heat flow due to production. 
In the model presented by Onur et. al. (2008), porosity was also considered as a 
function of pressure and temperature and is modeled by using the following 
equation; 
( ) ( )( ) ( )( )0 0, 1i rp T c p t p T t Tφ φ β = + − − −              (2.75) 
iφ is the initial porosity of the system and cr (bar
-1) is the rock compressibility. p0 and 
T0 β are the initial pressure and temperature respectively.  is the thermal expansion 
coefficient of rock (system) (1/o
Equations 2.74 and 2.75 are non-linear differential equations. To handle the 
nonlinearity a fully implicit Newton-Raphson scheme was used. For the terms with 
the time derivatives, a forward finite difference discretization was used. 
C). 
Using the implicit finite difference method on equation 2.73 results in; 
( ) ( )
( )
1
1 1 1
0
1
0
n n
w w n n n
b s p inj
n
V p p t W W
t
ρ φ ρ φ
α
+
+ + +
+
 −     − − + − =  ∆
          (2.76) 
Here, 1nt +∆ (= t
n+1 – tn) is the time-step at step n+1. The subscripts n and n+1 
represents the properties values at tn and tn+1
Multiplying both sides of equation 2.76 by 
. 
1 /n bt V+∆ yields; 
( ) ( ) ( )11 1 1 1 11 10, 0n nn n n n ns n np w w p inj
b b
t tR p T p p W W
V V
α
ρ φ ρ φ++ + + + ++ +
∆ ∆
   = − − − + − =           (2.77) 
For the energy balance equation; 
( ) [ ] ( ), 0 , ,1b i r r b w w inj w inj s w s p w p
dT dV C V u W h p p t h W h
dt dt
φ ρ φρ α− + − −  −  +          (2.78) 
Using the implicit finite difference method; 
( )
( )
1 1 1 1
1 1
1 1 1
, 0 , ,
1
( )
n n n n n n n nb b
i r r w w w w
n n
n n n
inj w inj s w s p w p
V VC T T u u
t t
W h p p t h W h
φ ρ φ ρ φ ρ
α
+ + + +
+ +
+ + +
   − − + −   ∆ ∆
= + − −
          (2.79) 
Multiplying both sides of equation 2.79 by 1 /n bt V+∆ yields; 
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( ) ( )
( )
1 1 1 1 1 11
,
1 11 1
,
,
0
n n n n n n n n nn
T i w w inj w inj
b
n ns n n
i w p w p
b b
tR p T T T u u W h
V
t tp p h W h
V V
χ ψ ψ
α
+ + + + + ++
+ ++ +
∆ = − + − − 
∆ ∆
− − + =
         (2.80) 
where; 
( )
1 1 1
1i i r r
n n n
r w
Cχ φ ρ
ψ φ ρ+ + +
= − 

= 
               (2.81) 
The calculations are done under the following constraint; 
( )1 0b r
dV
dt
φ ρ −  =                  (2.82) 
Let’s define Rn+1,k and wn+1
( )
( )
1, 1,
1,
1, 1,
,
 
,
n k n k
pn k
n k n k
T
R p T
R p T
+ +
+
+ +
 
 =
 
 
R
; 
              (2.83) 
and 
1,
1,
1,
n k
n k
n k
p
T
+
+
+
 
=  
 
w                (2.84) 
n+1 is the next time step and k represents the iteration number. 
To solve the non-linear equations using Newton-Raphson method, a Jacobian matrix 
must be defined. 
( ) ( )
( ) ( )
1, 1,
1 1
1,
1, 1,
1 1
n k n k
p p
n n
n k
n k n k
T T
n n
R w R w
p T
R w R w
p T
+ +
+ +
+
+ +
+ +
 ∂ ∂
 
∂ ∂ =  
∂ ∂ 
 ∂ ∂ 
J              (2.85)  
We first solve the following equation for 1, 1n kδ + +w ; 
1, 1, 1 1,n k n k n kδ+ + + += −J w R               (2.86) 
Where, 
1, 1n kwδ + +  is the difference in the solution vector and J is the Jacobain matrix 
evaluated for wn+1,k
The solution vector at the next iteration is calculated using; 
 at the previous iteration.  
1, 1 1, 1, 1n k n k n kδ+ + + + += +w w w                (2.87) 
If  1, 1 810n kδ + + −≤w   then  1, 1n k+ +w  is the solution vector. 
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2.2.1 Advantages of using the non – isothermal lumped parameter model 
The main advantage of non – isothermal models is that it allows modeling the 
temperature behavior where in an isothermal model it is impossible to do so. Let’s 
assume a single tank model (figure 2.9) with a production mass rate of 10 kg/s and 
with a temperature of 140oC. The reinjection mass rate is the same as the production 
mass rate, 10 kg/s, but the reinjection temperature is 60o
 
C. The initial pressure is 50 
bars. In figure 2.10 it can be seen that when an isothermal model is used, the 
temperature does not change.  
Figure 2.9: A tank with production and re-injection.  
Solving the energy balance not only has an effect on temperature but also it affects 
the pressure behavior. Figure 2.11 shows the difference in pressure behavior when 
both energy balance and mass balance equations are solved simultaneously. 
 
Figure 2.10: Comparison of temperature behavior for isothermal and non-isothermal  
models. 
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Figure 2.11: Comparison of pressure behavior for isothermal and non-isothermal  
models. 
 
As it is clear from figures 2.10 and 2.11, not accounting for the energy balance can 
lead to wrong results in pressure. 
We now consider an example where we test to see if temperature measurements are 
capable of providing additional information about the reservoir.  
History matching of pressure data allows to estimate the parameters such as sα andκ  
but not the individual values of the parameters ,  and b rV cφ . The values of these 
parameters can be estimated by matching both pressure and temperature data (Onur 
et. al., 2008). 
Another advantage of using a non – isothermal model is that the pressure is not 
affected by Vb φ and  individually but the temperature is. Let’s assume a single tank 
model with a constant mass production rate of 10 kg/s. In the first case, the bulk 
volume is 1x109m2 and the porosity is 0.2. For the second case the bulk volume is 
2x109m2 bV φand the porosity is 0.1. The product is 2x10
8 for both cases. All other 
parameters are the same for both cases. Figure 2.12 shows the behavior of pressure 
for both cases. It can be seen that the changes in Vb φ and  individually has no affect 
on pressure behavior. Figure 2.13 shows the temperature behavior for both Vb φ and  
values. These two parameters do affect the behavior of temperature.  
45,5
46
46,5
47
47,5
48
48,5
49
49,5
50
0 20 40 60 80 100
Pr
es
su
re
 (B
ar
)
Time (Day)
Isothermal
Non-Isothermal
35 
 
 
Figure 2.12: Comparison of pressure behavior two different Vb φ and  values. 
 
It is clear from figure 2.13 that temperature is sensitive to individual values of Vb
φ
 and
As shown by Tureyen et. al. (2009) this leads to estimations of individual values of 
Vb φ and  through a history matching process.    
 
Figure 2.13: Comparison of temperature behavior two different Vb φ and  values. 
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3. GENERALIZED LUMPED PARAMETER MODELING 
In the previous sections isothermal models and a single tank non-isothermal model 
has been described. Except for the numerical model in Chapter 2.1.10, all the given 
solutions were for a specific model. Moreover, the effects of conduction were 
neglected in models that accounted for energy balance. In this section a new 
generalized tank model has been developed which is capable of considering an 
arbitrary number of tanks in arbitrary combinations for the purpose of modeling the 
pressure and temperature behavior of a geothermal system.  
 
Figure 3.1: Schematic of tank i and its connections to other tanks denoted by ji
Figure 3.1 illustrates any tank i from the multi tank model. Each tank has its own 
bulk volume, V
. 
b (m3 φ), porosity, , pressure, p (bar) and temperature, T (oC). Tank i 
has a production term with a specified mass rate of Wp (kg/s) and a reinjection term 
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with a specified mass rate of Winj
For the model shown in figure 3.1, the mass balance can be expressed as: 
 (kg/s). It should be noted that any tank can be 
connected to any one or more than one tank and any tank can have a production 
and/or reinjection term. 
( ) ( ) ( )( ) ( ) ( ), , ,
1
0
l l
N
w i
bi i j j i p i inj i
l
d
V p t p t W t W t
dt
ρ φ
α
=
 + − + − = ∑              (3.1) 
The first term on the LHS represents the accumulation of mass in the reservoir, the 
second term is the mass flow from all connected tanks and the third term is the net 
production from the tank. 
Applying the conservation of energy to the tank shown in figure 3.1; 
( ) ( ) ( ) ( ) ( )
( ) ( )
, , , , , , ,
,
1
1 , ,
0
l
b r r b w w inj i w inj i inj i p i w p i i
N
i j jl i y
l
d V C T V u W t h T t W t h T t
dt
p t p t h
φ ρ φρ
α
=
 − +  − +  

 + − =  
∑
          (3.2) 
,
,
:  Specific heat capacity of the rock matrix ( / - )
:  Specific internal energy of water ( / )
:  Specific enthalpy of the injected water ( / )
:  Specific enthalpy of the produced water (
o
r
w
w inj
w p
C J kg C
u J kg
h J kg
h / )J kg
 
For the hy
( )
( )
,
,
,
,
w i i i jl
y
w jl jl i jl
h T t if p p
h
h T t if p p
 >= 
<
                    
                 
 term, an upwinding scheme is used; 
               (3.3) 
Where, hw
The first term on the LHS in equation 3.2 represents the accumulation of energy in 
the rock and fluid, the second term represents the heat flow to the tank from the 
injected water, the third term represents the heat removed from the produced water 
and the fourth term represents the heat flow from all connected tanks. 
 (J/kg) is the specific enthalpy of the water in the tank. 
For the general case, the conservations of mass and energy must be solved for each 
tank individually. Equations 3.1 and 3.2 are non-linear differential equations. To 
handle the non-linearity a fully implicit Newton-Raphson scheme is used. For the 
terms with time derivatives, a forward finite difference discretization is used. The 
calculations are similar to the ones shown in Section 2.2. 
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( ) ( ) ( )
( ) ( )
1 , 11 1 1 1
1 11
, ,
,
0
l
l
N
n n i j nn n n n
p w w r j i
j l b
n nn
p i inj i
b
t
R p T p p
V
t W t W t
V
α
ρ φ ρ φ+ ++ + + +
=
+ ++
∆ 
 = − + −  

∆  + − =  
∑
           (3.4) 
and, 
( ) ( )
( ) ( ) ( ) ( )
( )
1 1 1 1 1
 
1 11
, , , , , , ,
, 1 1 1
,
, ,
0l
l
n n n n n n n n
T i w w
n nn
inj i w inj i inj i p i w p i i
b
N
i j n n n
j i y
j l b
R p T T T u u
t W t h T t W t h T t
V
t
p p h
V
χ ψ ψ
α
+ + + + +
+ ++
+ + +
=

 = − + −  
∆  − −  

∆
+ − =

∑
             (3.5) 
Where; 
( )
1 1 1
1i i r r
n n n
w
Cχ φ ρ
ψ φ ρ+ + +
= − 

= 
                 (3.6) 
Let’s define Rn+1,k and wn+1
1,
1
1,
1
1,
2
1, 1,
2
1,
1,
2
  
n k
p
n k
T
n k
p
n k n k
T
n k
Np
n k
NT N
R
R
R
R
R
R
+
+
+
+ +
+
+
 
 
 
 
 
=  
 
 
 
 
 

R
; 
                 (3.7) 
1,
1
1,
1
1,
2
1, 1,
2
1,
1,
2
 
n k
n k
n k
n k n k
n k
N
n k
N N
p
T
p
T
p
T
+
+
+
+ +
+
+
 
 
 
 
 
=  
 
 
 
 
 

w                  (3.8) 
n+1 is the next time step and k represents the iteration number. 
To solve the non-linear equations using Newton-Raphson method, a Jacobian matrix 
must be defined. 
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1 1 1 1 1 1
1 1 2 2
1 1 1 1 1 1
1 1 2 2
2 2 2 2 2 2
1 1 2 2
1,
2 2 2 2 2 2
1 1 2 2
1 1
p p p p p p
N N
T T T T T T
N N
p p p p p p
N N
n k
T T T T T T
N N
Np Np
R R R R R R
p T p T p T
R R R R R R
p T p T p T
R R R R R R
p T p T p T
R R R R R R
p T p T p T
R R
p T
+
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
= ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂
∂ ∂




      
J
2 2
1 1 2 2 2 x2
Np NpNT NT
N N
NT NT NT NT NT NT
N N N N
R RR R
p T p T
R R R R R R
p T p T p T
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 ∂ ∂∂ ∂
 
∂ ∂ ∂ ∂ 
 ∂ ∂ ∂ ∂ ∂ ∂ 
∂ ∂ ∂ ∂ ∂ ∂  


            (3.9)  
To solve for the unknowns pn+1 and T
1, 1, 1 1,n k n k n kδ+ + + += −J w R
n+1 
              (3.10) 
Where, 
1, 1n kwδ + +  is the difference in the solution vector and J is the Jacobain matrix 
evaluated for wn+1,k
The solution vector at the next iteration is calculated using; 
 at the previous iteration.  
1, 1 1, 1, 1n k n k n kδ+ + + + += +w w w                (3.11) 
If  1, 1 810n kδ + + −≤w   then  1, 1n k+ +w  is the solution vector. 
The flow chart for the multi-tank non-isothermal model is given in figure 3.2. 
  
41 
 
If
   
 t 
  <
   
t en
d 
If
 
t  
= 
  t
en
d 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                    Figure 3.2: Algorithm of the program. 
  
Read parameters from input 
files 
Vb   P  cr  T  Cr, Φ  βr   
 
Logarithmic time-step 
Generation  
 
Start loop 
t
n+1 
= t
n  
+ Δt  
 
Calculate residuals  
R  
 
Form Jacobian matrix  
 
Solve 
J
n+1,k
 δW
n+1,k+1
 =R
n+1,k 
 
 
δW
n+1,k+1
 < 10
-8 
 
 
W
n+1,k+1 
 
is the solution 
  
 
Set 
W
n+1,k
 = W
n+1,k+1 
 
 
YES NO 
END 
42 
 
Let’s consider a multi-tank system as shown in figure 3.3 and apply the mass and 
energy balance equations. 
 
Figure 3.3: Example tank system. 
Applying the mass and energy balance equations to the above system, equations 3.4 
and 3.5 become; 
( ) ( ) ( )
( ) ( )
6
1 , 11 1 1 1
1 11
, ,
,
0
l
l
n n i j nn n n n
p w w r j i
j l b
n nn
p i inj i
b
t
R p T p p
V
t W t W t
V
α
ρ φ ρ φ+ ++ + + +
=
+ ++
∆ 
 = − + −  

∆  + − =  
∑
         (3.12) 
( ) ( )
( ) ( ) ( ) ( )
( )
1 1 1 1 1
 
1 11
, , , , , , ,
6
, 1 1 1
,
, ,
0l
l
n n n n n n n n
T i w w
n nn
inj i w inj i inj i p i w p i i
b
i j n n n
j i y
j l b
R p T T T u u
t W t h T t W t h T t
V
t
p p h
V
χ ψ ψ
α
+ + + + +
+ ++
+ + +
=

 = − + −  
∆  − −  

∆
+ − =

∑
           (3.13) 
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Hence, the Jacobian matrix for a 6 tank system shown above is; 
1 1 1 1
1 1 2 2
1 1 1 1
1 1 2 2
2 2 2 2 2 2 2 2
1 1 2 2 3 3 5 5
2 2 2 2 2 2 2 2
1 1 2 2 3 3 5 5
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0
0 0 0 0
0
p p p p
T T T T
p p p p p p p p
T T T T T T T T
R R R R
p T p T
R R R R
p T p T
R R R R R R R R
p T p T p T p T
R R R R R R R R
p T p T p T p T
∂ ∂ ∂ ∂
∂ ∂ ∂ ∂
∂ ∂ ∂ ∂
∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
=n+1,kJ
3 3 3 3 3 3
2 2 3 3 4 4
3 3 3 3 3 3
2 2 3 3 4 4
4 4 4 4 4 4
3 3 4 4 5 5
4 4 4 4 4 4
3 3 4 4 5 5
5
2
0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0
p p p p p p
T T T T T T
p p p p p p
T T T T T T
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R R R R R R
p T p T p T
R R R R R R
p T p T p T
R R R R R R
p T p T p T
R R R R R R
p T p T p T
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∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂
∂
5 5 5 5 5 5 5
2 4 4 5 5 6 6
5 5 5 5 5 5 5 5
2 2 4 4 5 5 6 6
6 6 6 6
5 5 6 6
6 6 6 6
5 5 6 6
0 0
0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
p p p p p p p
T T T T T T T T
p p p p
T T T T
R R R R R R R
T p T p T p T
R R R R R R R R
p T p T p T p T
R R R R
p T p T
R R R R
p T p T
















∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂
∂ ∂ ∂ ∂
∂ ∂ ∂ ∂
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















 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
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
 
(3.13) 
 n+1,kR and n+1,kw are defined as; 
1,
1
1,
1
1,
2
1,
2
1,
3
1,
3
1,
4
1,
4
1,
5
1,
5
1,
6
1,
6
n k
p
n k
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p
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T
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n k
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n k
p
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n k
p
n k
T
R
R
R
R
R
R
R
R
R
R
R
R
+
+
+
+
+
+
+
+
+
+
+
+
 
 
 
 
 
 
 
 
 
=  
 
 
 
 
 
 
 
 
 
n+1,kR                (3.14) 
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5
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6
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6
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n k
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n k
n k
n k
n k
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T
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T
p
T
p
T
p
T
p
T
+
+
+
+
+
+
+
+
+
+
+
+
 
 
 
 
 
 
 
 
 
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 
 
 
 
 
 
 
 
 
n+1,kw                (3.15) 
To solve for the unknowns 1,n kp + and 1,n kT + ; 
1, 1, 1 1,n k n k n kδ+ + + += −J w R               (3.16) 
Where, 
1, 1n kwδ + +  is the difference in the solution vector and J is the Jacobain matrix 
evaluated for wn+1,k
The solution vector at the next iteration is calculated using; 
 at the previous iteration.  
1, 1 1, 1, 1n k n k n kδ+ + + + += +w w w                (3.17) 
If  1, 1 810n kδ + + −≤w   then  1, 1n k+ +w  is the solution vector. 
3.1 Verification of the Generalized Lumped Parameter Model 
The results of the new non-isothermal lumped parameter model have been verified 
with the demo version of PetraSim (Petrasim) geothermal software which is based on 
the well known simulator Tough – II. 
The model consists of four tanks, two tanks representing the reservoir and two 
representing the aquifer (figure 3.4). Production only takes place in the first tank. 
Figure 3.5 shows the model for PetraSim. A thin block of 1 meter length is used at 
both ends of the PetraSim model to represent constant temperature and constant 
pressure boundaries. The parameters used in the tank model and PetraSim are given 
in tables 3.1 and 3.2 respectively. If a 1-D linear distributed reservoir model is 
considered, using the implicit finite difference method, the transmissibility between 
blocks can be evaluated. In the tank model, the recharge index α , should be identical 
to the transmissibility.  
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Let’s consider the two control volumes given in figure 3.5, reservoir 1 and reservoir 
2.  The control volumes share a common interface with an area of A12. The distance 
between the centers of the control volumes is denoted Lx
( )W Aρν=
. The mass rate between 
control volumes reservoir 1 and reservoir 2 can be expressed as follows: 
                (3.18) 
Where, ρ (kg/m3) is the fluid density and v (m/s) is the velocity and A (m2
Assuming that the flow is only in the x direction, then using Darcy’s law in equation 
3.18 yields; 
) the area 
between the two volumes. 
k pW A
x
ρ
µ
 ∂
=  ∂ 
               (3.19) 
Where k (m2
p
x
∂ 
 ∂ 
) is the permeability of the medium, µ (bar-s) is the viscosity of the 
water and  (bar/m) is the pressure gradient in the x direction. A finite difference 
approximation to the pressure gradient yields: 
( )2 1
x
k p p
W A
L
ρ
−
=                (3.20) 
where p1 (bar) and p2
( )2 1w
x w
kAW p p
L
ρ
µ
= −
 (bar) are the pressures of the control volumes reservoir 1 and 
reservoir 2 respectively. Rearranging equation 3.20 gives: 
                      (3.21) 
If we relate equation 2.12 with equation 3.21, the recharge indexes, sα , between the 
tanks are calculated using the following relationship; 
s w
x w
A k
L
α ρ
µ
=                 (3.22) 
For the recharge index between tank 1 and tank 2, replacing the appropriate values in 
equation 3.22; 
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) are 
equal to each other, hence the recharge indexes between these tanks are equal and are 
evaluated as follows; 
 
The distances Lx
Table 3.1: Parameters used in the tank model for verification. 
 can be seen clearly in figure 3.5.
 
Bulk Volume, Vb1 (m3 10) 
Bulk Volume, V
9 
b2 (m3 10) 
Bulk Volume, V
9 
b3 (m3 10) 
Bulk Volume, V
99 
b4 (m3 10) 
Recharge Temperature, T
99 
3 = T4 
(o
50 
C) 
Reservoir Temperature, T1 =T2 
(o
50 
C) 
Pressure, p0 50  (bar) 
Cr (J/kg- o 1000 C) 
Rock density, ρr (kg/m3 2650 ) 
Permeability, k (m2 1x10) 
Porosity, 
-13 
φ  (fraction) 0.2 
Rock compressibility, cr 1.33x10 (1/bar) 
Water viscosity, μ
-4 
w 5.4x10 (bar-s)* 
Water density, ρ
-9 
w (kg/m3 991.1 )* 
Production rate,Wp 50  (kg/s) 
Recharge index, α12 18.3  (kg/bar-s) 
Recharge index, α13 36.7  (kg/bar-s) 
Recharge index, α24 36.7  (kg/bar-s) 
Rock thermal expansion 
coefficient, βr (1/ o
0 
C) 
* Properties at p = 50 bar and T = 50 oC 
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Table 3.2: Parameters used in PetraSim model for verification. 
Bulk Volume, Vb1 (m3 10) 
Bulk Volume, V
9 
b2 (m3 10) 
Recharge Temperature, T
9 
s (o 50 C) 
Reservoir Temperature, Tr (o 50 C) 
Pressure, p0 50  (bar) 
Cr (J/kg- o 1000 C) 
Rock density, ρr (kg/m3 2650 ) 
Permeability, k (m2 1x10) 
Porosity, 
-13 
φ  (fraction) 0.2 
Rock compressibility, cr 1.33x10 (1/bar) 
Production rate,W
-4 
p 50  (kg/s) 
Rock thermal expansion 
coefficient, βr (1/ o
0 
C) 
Outer block bulk Volume, Vb3 (m3 10) 
Outer block bulk Volume, V
6 
b4 (m3 10) 
Outer block permeability, k (m
6 
2 0 ) 
Outer block porosity, φ  (fraction) 0 
 
 
Figure 3.4: Tank Model used for multi-tank verification. 
 
Figure 3.5: PetraSim model used for multi-tank verification. 
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A perfect match was obtained with the output of PetraSim and the new model. 
Figures 3.6 and 3.7 show the pressure and temperature match respectively. 
 
Figure 3.6: Comparison of PetraSim and the new tank model for pressure. 
 
Figure 3.7: Comparison of PetraSim and the new tank model for temperature. 
3.2 Incorporation of Conduction on Heat Transfer 
In the energy balance equation, only heat transfer by convection is considered. In this 
section, the effect of conduction is also taken into account.  
The energy rate between any tank jl
( )lj iQ T Tγ= −
 and and tank i will be provided by the following 
equation: 
                (3.23) 
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Where γi,jl
( ) ( ) ( ) ( ) ( )
( ) ( ) ( )
, , , , , , ,
,
1
1 , ,
0
l l l
r b r r b r w w inj i w inj i inj i p i w p i i
N N
i j j i y i j
l j l
d V C T V u W t h T t W t h T t
dt
p t p t h T T
φ ρ φ ρ
α γ
= =
 − +  − +  

 + − + − =  
∑ ∑
 (W/°C) is the conduction index which represents the energy rate per unit 
temperature drop due to heat transfer by means of heat conduction. Under these 
assumptions the energy balance equation can be stated as follows; 
         (3.24) 
The first four terms on the LHS represent the same as in equation 3.2. The fifth term 
represents the heat transfer due to conduction. 
The steps for solving the equation system are the same. In order to solve this system 
of equations, a computer program was written using the FORTRAN language. 
3.3 Verification of the Generalized Lumped Parameter Model with Conduction 
The results of the new non-isothermal lumped parameter model with conduction 
have been verified with the demo version of PetraSim geothermal software which is 
based on the well known simulator Tough – II. 
The model used in PetraSim consists of a single block with no flow boundaries 
(figure 3.8). There is no fluid flow from the boundaries but only heat flow by 
conduction is allowed. The model used in the generalized tank model consists of two 
tanks, one representing the reservoir and another tank representing a heat source 
(figure 3.9). The heat transfer from the heat source is again, only by conduction. The 
parameters used in both models are given in table 3.3 and 3.4. 
Table 3.3: Parameters used in the model verification (tank model). 
Bulk Volume, Vb (m3 15625 ) 
Heat Source Temperature, Ts (o 100 C) 
Reservoir Temperature, Tr (o 60 C) 
Pressure, p0 1.013  (bar) 
Cr (J/kg- o 1000 C) 
Rock density, ρr (kg/m3 2600 ) 
Porosity, φ  (fraction) 0.2 
Rock compressibility, cr 1x10 (1/bar) 
Recharge index, α (kg/bar-s) 
-4 
0 
Conduction index, γ (W/o 100 C) 
Rock thermal expansion coefficient, 
βr (1/ o
0 
C) 
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Table 3.4: Parameters used in the model verification (PetraSim). 
Bulk Volume, Vb (m3 15625 ) 
Heat Source Temperature, Ts (o 100 C) 
Reservoir Temperature, Tr (o 60 C) 
Pressure, p0 1.013  (bar) 
Cr (J/kg- o 1000 C) 
Rock density, ρr (kg/m3 2600 ) 
Porosity, φ  (fraction) 0.2 
Rock compressibility, cr 1x10 (1/bar) 
Recharge index, α (kg/bar-s) 
-4 
0 
Rock thermal expansion coefficient, 
βr (1/ o
0 
C) 
Thermal conductivity, K (W/m- o 2.0 C) 
 
 
Figure 3.8: Model used in PetraSim. 
 
Figure 3.9: New tank model. 
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Note that there is no production and/or reinjection. In other words, there is not any 
heat transfer due to mass transfer in or out from the system, only conduction is 
considered in the heat transfer process. 
If we directly apply Fourier’s law of conduction to the control volumes given in 
figure 3.5, we have: 
TQ KA
x
∂ =  ∂ 
                (3.25) 
Where K (J/m-s-°C) is the thermal conductivity constant and T
x
∂ 
 ∂ 
 (°C/m) is the 
temperature gradient. Again, considering a 1-D linear distributed reservoir model, 
using the implicit finite difference approximation to the temperature gradient gives; 
( )2 1
x
KAQ T T
L
= −                (3.26) 
If we relate equation 3.23 with equation 3.26, the conduction indexes,γ , between the 
tanks are calculated using the following relationship; 
x
K A
L
γ =                  (3.27) 
K (W/m-oC) is the average thermal conductivity of the rock and liquid, A (m2) is the 
cross-sectional area and in figure 3.8, its equal to 625 m2 xLand (m) is the distance 
between the centers of the tanks, in this case 12.5xL = m. Replacing the given values 
in equation 3.27 the conduction index is equal to 100 W /o
Figure 3.10 and 3.11 show the results for pressure and temperature respectively for 
both PetraSim and the new tank model. 
C. 
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Figure 3.10: Comparison of PetraSim and the new tank model for pressure. 
As it can be seen from figure 3.10, a perfect match was obtained for the pressure 
data. As there is no fluid being extracted and the bulk volume does not change, the 
pressure in the tank increases as temperature increases due to the expansion of the 
fluid. 
 
Figure 3.11: Comparison of PetraSim and the new tank model for temperature. 
Figure 3.11 shows the perfect match for the temperature data. Recall that there is no 
heat transfer by convection, only heat transfer by conduction is presents. The 
temperature increases until it is in equilibrium with the surrounding temperature. 
The effects of conduction will be discussed in the following section. 
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3.4 Effects of Conduction on Pressure and Temperature Behavior 
A synthetic example was generated to compare the effects of conduction on pressure 
and temperature behaviors. Here we simulate a reservoir that is influenced by fluid 
recharge and a heat source. The parameters used are given in table 3.5. Figure 3.12 
shows how the tanks were arranged in order to study these effects. The first tank 
represents the reservoir. Production takes place for 100 days with a rate of 20 kg/s 
and then there is a shut-in period for 1x106
0sγ =
 days (figure 3.13). The reservoir is 
connected to two larger tanks. One of these tanks represents the aquifer (recharge 
source). The fluid extracted from the reservoir is replaced by the aquifer. The aquifer 
is cooler than the reservoir and there is no heat transfer due to conduction ( ). 
The second tank represents the heat source. No fluid flow is allowed from this tank   
( 0HSα = ), therefore heat transfer is only by conduction ( 4000HSγ = W/
oC). The 
temperature of the heat source is equal to the reservoir initial temperature 
(Ti=210o
Table 3.5: Parameters used with the new generalized tank model. 
C). The amount of heat conducted is governed by the conduction index, γ. 
Bulk Volume, Vb (m3 1x10) 
Recharge Volume, V
7 
s (m3 1x10) 
Heat Source Volume, V
99 
HS (m3 1x10) 
Recharge Temperature, T
99 
s (o 140 C) 
Reservoir Temperature, Tr (o 210 C) 
Pressure, p0 50  (bar) 
Cr (J/kg- o 1000 C) 
Rock density, ρr (kg/m3 2650 ) 
Water density, ρw (kg/m3 928.5 ) 
Porosity, φ (fraction) 0.2 
Rock compressibility, cr 1.33x10 (1/bar) 
Recharge index, α
-4 
s 1  (kg/bar-s) 
Rock thermal expansion coefficient, 
βr (1/ o
0 
C) 
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Figure 3.12: Reservoir system. 
 
Figure 3.13: Production scenario. 
As expected, the pressure of the reservoir declines as production starts (see figure 
3.14). After shut-in, the pressure builds up to the initial reservoir pressure (p0
During the production period the reservoir temperature is observed to be decreasing. 
This is expected since the recharge temperature is at 140
=50 
bar) for both cases, with and without conduction. The increase in pressure is due to 
the recharge source. Conduction has a very small effect on the pressure. 
oC where as the initial 
reservoir temperature is 210oC. Hence the recharge water tends to cool the reservoir. 
The amount of decrease in temperature depends on the conduction index between the 
heat source and the reservoir. As the index is increased we observe less temperature 
decrease since more heat is conducted from the heat source which slows down the 
cooling process. We continue to see the effects of the conduction index during the 
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long build up. A higher conduction index results in a faster recovery temperature 
(figure 3.15). 
 
Figure 3.14: Comparison of conduction and no conduction case for pressure. 
 
Figure 3.15: Comparison of conduction and no conduction case for temperature. 
Another parameter which affects the temperature recovery is the temperature of the 
recharge source. Figure 3.16 shows the temperature recovery times for various 
recharge temperatures and γ values, keeping all other variables the same. If 
conduction is considered, the reservoir eventually reaches its initial conditions 
regardless of the aquifers temperature. A higher γ value reduces the temperature 
drop.  
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Figure 3.16: Comparison of recharge temperature and γ on temperature recovery. 
Interestingly, for both cases when conduction considered, the recovery time seems to 
be nearly equal. To investigate this, we look at the following example. Let’s consider 
a tank configuration given in figure 3.17. A tank representing a reservoir is 
connected to a tank representing a heat source.  
 
Figure 3.17: Tank configuration. 
The temperature of the heat source is 210oC. The time required for the reservoir to 
reach the heat source temperature will be tested considering four different initial 
temperatures for the reservoir, Tr = 50, 100, 150 and 200o
 
C. Other parameters 
regarding the tanks are given in table 3.6. No fluid movement is considered in this 
test. 
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Table 3.6: Data. 
Bulk Volume, Vb (m3 1x10) 
Heat Source Volume, V
6 
HS (m3 1x10) 
Heat Source Temperature, T
99 
HS (o 210 C) 
Pressure, p0 50  (bar) 
Cr (J/kg- o 1000 C) 
Rock density, ρr (kg/m3 2650 ) 
Water density, ρw (kg/m3 928.5 ) 
Porosity, φ  (fraction) 0.2 
Rock compressibility, cr 1.33x10 (1/bar) 
Recharge index, α (kg/bar-s) 
-4 
0 
Conduction index, γ (W/o 1x10C) 
Rock thermal expansion coefficient, 
β
4 
r (1/ o
0 
C) 
Figure 3.18 shows the temperature behavior for different initial reservoir 
temperatures. As it can be seen, greater temperature difference results in faster 
recovery times. No matter what the initial temperature of the reservoir is, the time 
required for the reservoir to reach the heat source temperature is nearly equal. 
  
Figure 3.18: Temperature behaviors for different initial reservoir temperatures. 
Re-injection is an integral part of any geothermal system. It helps to sustain the 
reservoir pressure and helps to extract more energy from the heat source and it is a 
good way of disposing of the waste water. If both reinjection and recharge case is 
considered, for the tank arrangement given in figure 3.12, using the data given in 
table 3.7 and the production/reinjection scenario given in figure 3.19, the effect of 
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conduction on the reservoir temperature can be seen in figure 3.20. The model is 
similar to the one proposed by Onur et. al. (2008).  
Table 3.7: Data. 
Bulk Volume, Vb (m3 2x10) 
Recharge Volume, V
4 
s (m3 1x10) 
Heat Source Volume, V
99 
HS (m3 1x10) 
Recharge Temperature, T
99 
s (o 140 C) 
Reservoir Temperature, Tr (o 140 C) 
Pressure, p0 50  (bar) 
Cr (J/kg- o 1000 C) 
Rock density, ρr (kg/m3 2650 ) 
Water density, ρw (kg/m3 928.5 ) 
Porosity, φ  (fraction) 0.2 
Rock compressibility, cr 1.33x10 (1/bar) 
Recharge index, α (kg/bar-s) 
-4 
1 
Rock thermal expansion coefficient, 
βr (1/ o
0 
C) 
The reservoir temperature and the recharge temperature are assumed to be the same, 
140oC, where as the reinjection temperature is 60o
 
C. From figure 3.20, it can be seen 
that the temperature drop is less when conduction is considered. Even for short times, 
heat transfer by conduction has an effect on the reservoir temperature behavior. The 
calculations are done with different values of the conduction index. As the 
conduction index increases, the temperature drop decreases. On the other hand, 
pressure does not change considerably with changing conduction index (figure 3.21). 
Figure 3.19: Production/reinjection scenario. 
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Figure 3.20: Temperature behaviors for recharge and reinjection case. 
 
Figure 3.21: Pressure behaviors for recharge and reinjection case. 
Now we attempt to mimic the spatial behavior of the temperature and pressure using 
the multi-tank model and study the effects of conduction. For this purpose we first 
consider a square shaped reservoir with dimensions of 1000m x 1000m x 100m in 
the x, y and z directions respectively. Then we grid the reservoir using 
logarithmically distributed grids with the finest grid at the center. The gird is shown 
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in figure 3.22. Each grid represents a tank. The interblock recharge index between 
any two tanks is computed using the following equation; 
ij
ij
ij
kA
L
ρ
α
µ
=                  (3.28) 
Where k represents the permeability, Aij the cross sectional area between the gird 
blocks, Lij ρis the distance between the grid block centers, is the fluid density and µ  
is the fluid viscosity. 
The conduction index,γ , between any two tanks i, j have been computed using the 
following equation; 
 ijij
ij
KA
L
γ =                  (3.29) 
Where K is the thermal conductivity. 
 
Figure 3.22: Logarithmic tank configurations. 
In the first sensitivity we look at the effects of the conduction index and the recharge 
index on temperature at a certain measured location. This location corresponds to the 
finest grid located at the center of the reservoir. For the sensitivity we inject cold 
water at 60oC with the injection scheme given in figure 3.23. We observe the 
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temperatures at the centers with time. The initial properties of the system are given in 
table 3.8. 
Figures 3.24 and 3.25 give a plot of temperature vs. time and pressure vs. time for 
various permeabilities. As it is clear from figure 3.24, the permeability has very little 
effect on the temperature. 
Table 3.8: Initial properties for 121 tanks. 
Injection Temperature, Tinj (o 60 C) 
Reservoir Temperature, Tr (o 150 C) 
Pressure, p0 60  (bar) 
Cr (J/kg- o 1000 C) 
Rock density, ρr (kg/m3 2600 ) 
Water density, ρw (kg/m3 928.5 ) 
Porosity, φ  (fraction) 0.1 
Rock compressibility, cr 1.0x10 (1/bar) 
Rock thermal expansion coefficient, 
β
-4 
r (1/ o
0 
C) 
 
 
Figure 3.23: Injection scheme given. 
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Figure 3.24: Effects of permeability on temperature at the 61st
 
 tank. 
Figure 3.25: Effects of permeability on pressure at the 61st
Figure 3.26 displays the effect of thermal conductivity, K, on temperature. Clearly 
the temperature behavior is affected by the thermal conductivity. As the thermal 
conductivity is increased, the cooling is at a much lower rate during injection 
followed by a faster recovery during the shut-in period. This suggests that if the 
thermal conductivity is sufficiently high, then such an injection test may provide an 
idea about the thermal conduction properties.  
 tank. 
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Figure 3.26: Effects of thermal conductivity on temperature at the 61st
Figure 3.27 shows the effect of thermal conductivity on pressure. Again, the pressure 
is not affected by the value of the thermal conductivity. 
 tank. 
 
Figure 3.27: Effects of thermal conductivity on pressure at the 61st
Finally we wish to study the effects of the conduction index,
 tank. 
γ  on the spatial 
variation of temperature. For this purpose we have designed an 11 x 11 grid for the 
reservoir in the previous section. The grid is given in figure 3.28. This example was 
designed for the purpose of having an idea of when a cold front advancing from 
reinjection wells would reach the production wells. 
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Injection is performed from the lower left corner and the production is performed 
from the upper right corner using the production/reinjection scenario given in figure 
3.29. Figures 3.30 – 3.33 show the behavior of temperature for γ =0, 100, 103 and 
106
 
 respectively.  
Figure 3.28: Cartesian tank system. 
 
Figure 3.29: Production/reinjection scenario. 
When there is no conduction the temperature front is rather sharp. As the conduction 
index is increased the sharp front starts to disappear. When considering really high 
values of the conduction index, the temperature change is transmitted throughout the 
entire reservoir almost immediately, meaning the front completely disappears. 
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Figure 3.30: Conduction index = 0. 
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Figure 3.31: Conduction index = 100. 
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Figure 3.32: Conduction index = 103. 
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Figure 3.33: Conduction index = 106. 
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4.  CONCLUSIONS and FUTURE WORK 
The following conclusions are obtained from this study; 
•  A generalized non-isothermal lumped parameter model has been developed. This 
model allows one to rearrange an arbitrary number of tanks in arbitrary 
combinations to model pressure and temperature behaviors of geothermal 
reservoirs. The developed model can be used in study of recovery times of 
geothermal reservoirs.  
•  This model solves the mass balance and the energy balance simultaneously for 
each tank in the system. This allows modeling the temperature behavior as well as 
pressure behavior. The effect of heat transfer by conduction was incorporated in 
the energy balance. 
•  We have observed in all our runs that heat conduction does not have a significant 
effect on pressure. 
•  Unless the recharge temperature and/or the reinjection temperature is higher than 
the reservoir fluid, if conduction is not considered, a temperature recovery cannot 
be expected. A higher conduction index causes a smaller temperature drop in the 
reservoir.  
•  The recharge temperature does not have an effect on the time required for the 
reservoir to reach its initial temperature. The conduction index governs the 
recovery time. 
• A cold water injection test may be conducted to retrieve the conduction properties 
of the reservoir if conduction index is high enough. 
• The model can be used to have an idea about how long it would take for cold 
reinjection water to reach producers. 
According to the results obtained in this study, improvements can be made. The work 
which will be done in the future can be summarized as follows; 
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•  This model should be coupled with an optimization routine for determining 
reservoir parameters from pressure or temperature data. 
•  In the model considered in this study, the recharge index is an input and remains 
fixed throughout the simulation. This may not be such a valid approach since as 
shown in equation 4.1, the α term depends on reservoir rock properties and fluid 
properties. Since during production or reinjection operations both pressure and 
temperature changes, the α values should be updated. Hence we propose the 
following; 
r fα α α= ⋅                    (4.1) 
Where; 
r
kA
d
α =                   (4.2) 
Which will be input, and 
f
ρ
α
µ
=                   (4.3) 
Which will be updated during the simulation. 
• Most fields in Turkey contain some amount of carbon dioxide. The model should 
be updated to account for the existence of carbon dioxide. 
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